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Abstract

Small-signal instability in a wide frequency range due to the
dynamic interaction between converters and the AC grid has
attracted wide attention in recent years. Various
impedance/admittance-based analysis methods are frequently
adopted to resolve such problems. However, the stability
criterion of the heterogeneous multi-converter system is not
visually straightforward with admittance-based methods, because
the complex coupling between admittances makes the stability
criterion very difficult to be reduced. To overcome the
shortcomings of those methods, an eigenvalue-free small-signal
stability criterion is proposed by introducing the numerical range
and Gershgorin discs theorem into the admittance model of
multi-converter systems. By using Gershgorin discs to cover the
numerical range of the system frequency domain admittance
matrix, a transfer function of a single-input and single-output
(SISO) system with variable weights is induced to perform the
eigenvalue-free small-signal stability criterion, which provides a
simple sufficient condition for system stability. Moreover, the
SISO system is a weighted sum of admittances of heterogeneous
converters, which illustrates that the stability of a heterogeneous
multi-converter system is a tradeoff for heterogeneous single-
converter systems. Finally, the effectiveness of the proposed
method is demonstrated through eigenvalue analysis and
simulation results based on a multi-converter test system.

Keywords

Small-Signal Stability; Multi-Converter System; Gershgorin
Discs; Admittance Convex Combination
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1. Introduction

With the large-scale integration of renewables, flexible AC
transmission systems (FACTS) and high-voltage DC (HVDC)
systems, growing penetration of voltage source converters
(VSCs) emerges in modern power systems, and converter-
dominated power systems will be the future [1]. However, small-
signal instability in a wide frequency range has been observed
frequently in converter-dominated power systems, which can
lead to converter tripping, load shedding or system collapse [2].
Therefore, the study of analyzing and mitigating oscillations has
raised considerable attention from academia and industry [3].

In traditional power systems, synchronous generators (SGs)
synchronize with the AC grid via physical rotating motion, while
in the converter-dominated power systems, currently almost all
the VSCs operated in grid-following mode utilize a phase-locked
loop (PLL) for grid synchronization [4]. As the PLL-
synchronization mechanism is different from the physical
synchronization mechanism of SGs, control interactions of VSCs
will be stronger than those of SGs under high grid admittance
(i.e., weak grid condition) [5]. Strong control interaction between
the PLL and other control loops has been identified as the most
potential cause for oscillation events over the past few years [6-
9]. However, because of the large number of converters and the
diversity of control configurations in heterogeneous multi-
converter system, oscillation risk assessment of converter-
dominated power systems in practice still encounters great
challenges [10].

A linear approximate model with selective equilibriums of large-
scale nonlinear power systems is widely used in oscillation
analysis. That is because the oscillation of small-signal
instability is always observed around a certain equilibrium of a
power system. For multi-converter systems, the oscillation
analysis methods based on the linear approximate model can be
divided into two categories: the state-space method and the
admittance method [11]. The state-space modelling combined
with participation factor-based approach is first used to analyse
the effect of PLL and short circuit ratio (SCR) on the small-
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signal stability of a VSC-HVDC converter connected to a weak
grid [5]. Also, interactions between the PLL of the rotor side
converter of the double-fed induction generator (DFIG) and the
AC grid are analysed and controlled via the state-space method
[12]. For a wind farm of permanent magnet synchronous
generators (PMSGs) under a weak grid connection, based on the
character analysis of the reduced-order state-space model, the
potential instability risk due to the PLL-dominated oscillation
can be evaluated analytically with the collective parameters of
PLLs of the PMSGs [13]. Thus far, the effectiveness of the state-
space method in analysing and mitigating the oscillation relevant
to PLL has relied on the detailed white-box model of converters
so that the modal analysis can be performed.

However, the state-space model involves the disclosure of the
internal design and the control apparatuses of converters, which
cannot preserve commercially confidential detail, especially for
the fact that the model of a converter is not as standardized as the
model of a synchronous generator. To address the above
shortcomings, admittance methods, as black-box models of
converters, have played a significant role in oscillation analysis
[14-17]. Admittances are in essence transfer function models of
converters where the port is usually selected on the electrical
side with voltage inputs and current outputs. The input-output
relation is selected depending on the observability of the modes
over the ports, i.e., the PLL-relevant modes are more observable
on the electrical side. Besides, the coordinate frame in which the
voltages and currents are observed can sort different admittance
methods, e.g., sequence domain admittance model, dg domain
admittance model, and phasor domain admittance model [18].
For single-converter systems, design-oriented single-input and
single-output (SISO) admittance or transfer functions can be
induced from different admittance models [19], with which the
single-converter system’s stability margin can be easily
identified by the Nyquist stability criterion.

Then, for multi-converter systems, loci of determinant or
eigenvalues of the return-ratio matrix (RRM) or return-
difference matrix (RDM) are used to identify the system’s
stability margin [20], which are not visually straightforward
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because the complex coupling between admittances makes the
stability criterion very difficult to be reduced to an analytical
SISO transfer function. For instance, the settling angle-based
stability criterion for multi-converter systems is proposed by
[21], where the determinant of RRM or RDM of the admittance
of the whole system is used to perform the reduced Nyquist
criterion. On the other hand, grid strength indices based on the
eigenvalue decomposition of RDM, i.e.,, generalized SCR
(gSCR) [22], can be used to approximate the stability margin of
multi-converter systems by calculating the distance between the
gSCR and its critical value. However, the validation of the grid
strength-based stability criterion is limited to inhomogeneous
converters that have similar control loops and parameters [23].
Consequently, the stability criteria for heterogeneous multi-
converter systems still lack physical meaning, and reduced
stability criteria are more limited in practical applications.

In this paper, an eigenvalue-free small-signal stability criterion
for PLL-synchronization instability in heterogeneous multi-
converter systems is presented. The major contributions of the
paper can be summarized as follows:

1) The influence mechanism of each device on the system
stability is clarified through the analytical formula of device
weighting, and the stability criterion of the heterogeneous multi-
converter system is proved equal to that of a system composed of
the weighted sum of these different converters in the
heterogeneous multi-converter system. Thus, the eigenvalue-free
small-signal stability criterion illustrates that the stability of a
heterogeneous multi-converter system can be seen as a trade-off
of heterogeneous single-converter systems.

2) Inspired by the negative incremental resistor produced by the
PLL [14], a reduced admittance model of the heterogeneous
multi-converter system is constructed. By introducing the
Gershgorin discs theorem [24] to cover the numerical range of
the system node admittance matrix, the proposed criterion
significantly reduces the complexity of small-signal stability
analysis of heterogeneous multi-converter systems and improves
the practical applicability.
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3) Furthermore, introducing the transfer function of the SISO
system with variable weights to perform the Nyquist stability
criterion provides a simple sufficient condition for small-signal
stability, but is less conservative. The effectiveness of the
proposed method is verified by modal analysis and time domain
simulation of a multi-converter test system.

The rest of this paper is organized as follows. In Section 2, the
admittance model and order reduction procedure of
heterogeneous multi-converter systems are described. Then, a
stability analysis method based on the numerical range and
Gershgorin discs is performed in Section 3, where an eigenvalue-
free small-signal stability criterion is proposed. Subsequently,
the simulation results are presented in Section 4 to confirm the
effectiveness of the theoretical analysis. Finally, the conclusions
are drawn in Section 5.

2. Small-Signal Stability Analysis Model

Different from the SG which has a rotating mass, converters
usually synchronize with the AC grid through the PLL, which
provides a synchronous phase by tracking the terminal voltage.
Therefore, this paper takes the frequency domain admittance
model of a VSC-based heterogeneous multi-converter system as
an example. The grid-connected VSC system is shown in Fig. 1,
tin which the reactive power outer loop adopts constant reactive
power control, and the active power outer loop considers two
control methods: constant DC voltage and constant active power.
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Figure 1: Grid-connected VSC and its control diagram.

2.1. Converter Dynamics and Control Strategy

The admittance matrix of the LCL filter on the AC grid side of
the converter and the current inner loop under the dq axis is
symmetrical. For the convenience of expression, this paper uses a
complex transfer function to describe this part of the dynamics.
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where, s is the Laplace operator; Ls is the VSC side filter
inductance, Lg is the AC grid side inductance, Cs is the filter
capacitor, Plcc(s)=Kcept+Keel/s is the current inner loop Pl
controller transfer function, 1™ =1+ is the complex

number of the inner loop current reference value, the rest of the
variables with the same arrow sign are all complex numbers in
the same form as 1™, and f,.(s)=K,./(T,s+1) is a voltage

feedforward low-pass filter.

The admittance matrixes of the PLL and the outer loop are not
symmetrical, so their transfer functions in the scalar form need to
be listed separately. The dynamic equation of the PLL is as
follows:

azgzé(mm(s)vﬁ%) (5)

where, Plp.(s)=KpLL+KpLL/s is the PI controller transfer function
of the PLL, #and wis the output phase and frequency of the PLL,
and o, represents the system power frequency.

Both the constant reactive power outer loop and the constant
active power outer loop complete the closed-loop control by
measuring the AC grid side power signal. Since their forms are
similar, their dynamic equations can be combined and written as
follows:

=Pl (5)( oo (R) -R") ©

1§ :PIQC(S)(fPQ(Qe)_Qemf) (7)

where, Plpc(s)=Kpcr+Keci/s is the transfer function of active outer
loop PI controller, Plgc(s)=KqcrtKqci/s is the transfer function of
reactive outer loop PI controller, fro(S)=Keo/(Trgs+1) is the low-
pass filter of the power measurement link.

The constant DC voltage outer loop dynamically couples the
active power control of the AC grid side with the capacitor

8 www.academicreads.com



Top 10 Contributions in Energy Research

voltage of the DC side. Therefore, in the stability analysis, since
the DC side capacitance is much larger than the filter capacitor,
it is necessary to consider the dynamics of the DC side
capacitance. The dynamic equation is as follows:

1" =Ploe (S)(Vdc _Vdrcef) (8)
VchchVdc = Pr - Pe (9)
In addition, the power calculation equations can be calculated:

P =Vl +V,1, (10)
Q, =Vl +V, 1y (11

where, P; is the input power of the DC bus, and the dynamics of
the input power is ignored here, and it is regarded as a constant;
Qe and P are the reactive power and active power of the three-
phase circuit on the AC grid side, respectively.

2.2. Frequency Domain Admittance Matrix
Characteristics Analysis

In practice, the reactive power compensation provided by
renewable energy sources is little, so the power factor of the
VSC can be considered as 1; meanwhile, the PLL-dominated
synchronous stability problem mainly occurs in the 10~100Hz
frequency band, while the participation of the AC grid side filter
capacitor is extremely little in the low and medium frequency
bands, thus the capacitive circuit in this part can be neglected.

By linearizing equations (1)-(11), the frequency domain
admittance matrix that reflects the relationship between the
voltage amplitude/phase and current amplitude/phase at the AC
grid side of the converter can be obtained by (Suppose the
current flowing into the converter is in the positive direction, see
Appendix A for specific derivation):

9 www.academicreads.com



Top 10 Contributions in Energy Research

M«J :E(:)Z MSJVAAVJ (12)

Yusc (s)

where, 6and ¢ represent the phase angles of the port voltage and
current in the global reference xy frame respectively; Yvsc(s) is
the frequency domain admittance matrix in polar coordinates,
Yq1(s) indicates the magnitude loop: AV —Al, and Yg(S)
indicates the phase loop: VA& — 1A, its specific elements are as
follows:

Gy () + G, (5)Gpapc (S) 4o
GI (S)GAPC (S)VdO +1
Gy (S)A—VyoGpi (5))  (Grec(S) +Gpy (5))G, (5) 4
G,(S)Cec(S\Veo+1 G, (S)Grpe (S)Vyg +1

Ygl(s) =
(13)

Yo (8) =

where, the subscript ‘0’ of the physical quantity indicates the
steady-state value of the physical quantity: Vv,,=1.0pu. ,

I, =1.0p.u., etc.; the transfer function Gx in (13) is given as
below:

Go (5) = ) g Pl ooy (14)

GRPC (S) =PI QC (S) fPQ (S)
GVF (S) = (1_ fVF (S))/(SLf + Plcc(s))
GI (S) = Plcc(s) / (SLf + Plcc(s))
Ploc () / sV,,,C,., Constant DC voltage outer loop
Croc(8) = {PI oc(3) foo (5), Constant active power outer loop

In order to analyze the synchronous stability mechanism with
small disturbance, find vital factors and analyze the interaction
between matrix elements, it is necessary to simplify the
frequency domain admittance matrix:

o Only retain Yg4(s) representing the phase loop;

¢ Neglect the phase angle difference of different converter grid-
connected buses.
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Here is an illustration of the rationality of the above
simplifications:

According to (13), it is seen that the PLL transfer function only
appears in the element Yg(s). In addition, according to the actual
operation data of the East China Power Grid, the phase angle
deviation between buses is generally less than 10°, thus, by
considering that the capacity of the converter is much smaller
than that of SG, the phase angle difference of 5° is taken as a
reference value and substituted into the following frequency-
domain admittance matrix model of the open-loop system of the
converter [22]:

Al AV
{IAJ:Y{VAH}
| Ya(s) } :{ng)(s) Yg(u)(s)} 15
Yool { YgA(S)T Yaen (8) Yaen(S) 19)
| cos@ sin@
{—sine cos@}

where T is the frame rotation matrix, which specifically
represents the transformation from the dq rotation reference
frame of the controller to the global xy rotation reference frame,
and @ is the voltage phase angle of the converter bus. The
parameters required are shown in Table 1.

Table 1: Parameters of converter controller.

Symbols Descriptions Values

L+ Filter inductor 0.05p.u.
Ploc(s) DC voltage outer loop transfer function 10+4/s
Plpc(s) Active power outer loop transfer function 0.3+5/s
Ploc(s) Reactive power outer loop transfer function | 0.3+5/s
Plec(s) Current inner loop transfer function 1+10/s
PlpLL(s) PLL transfer function of VSC 8+7800/s
fve(s) Voltage feed-forward low-pass filter 1/(1+0.01s)
frq(s) Power measurement low-pass filter 1/(1+0.001s)
P,Q Active and reactive power output 1p.u.,0p.u.
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The bode diagrams of ¥, under different outer loop control
modes are drawn below. As shown in the blue area in Fig. 2, in
the  sub/supersynchronous  oscillation  frequency  band
(10Hz~100Hz) dominated by PLL, the amplitude of the phase
loop Yg2,2(S) is greater than 0 dB, and the amplitudes of the other
elements in ¥, are less than O dB. Therefore, Yge2)(S) becomes
the dominant oscillation link and provides a larger negative
resistance.

Bode Diagram Bode Diagram

tude (dB)

Magnit

Phase (deg)  Magnitude (dB)

Phase (deg)

rn-‘.‘....‘m-,\ u;‘) ‘ |-‘m;...-...-| m‘u
a) Fyaan(s) b) Fyan(s)

Magnitude (dB)

Phase (deg)  Magnitude (dB)
e (deg)

Pha:

. v i ! i 1

Frequency (Hz) Frequency (Hz)

€) Fea,nls) d) Fyoa(s)
Constant DC voltage control Constant active power control

Figure 2: Bode plot of converter open-loop system.

The above analysis proves the validity of the assumptions used
in this paper.

Using the frequency domain admittance matrix of the multi-
converter system in [22], and recombining its matrix elements,
the approximated frequency domain admittance matrix Ysys of
the multi-converter system can be obtained as follows:

Ba(s) BA(s) _y (16)

Y, +Ba(s)  BA(s) }{_Bﬂ(s) Y, +Bals)| "

-BA(s) Y, +Ba(s)

where, the specific expressions of the scalar functions «(s)and
B(s)aresa, /(s + o} )and o /(s* +f) separately; B and Ygs are
both matrices, the former is the node admittance matrix of the
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multi-converter system, and the latter is a diagonal matrix
formed by the admittance elements of the individual converters,
more details are shown in (17) and (18).

Bll BlZ K Bln
B — BZl BZZ K BZn (17)
M M M M
Bnl an K Bnn
Yg4(s) =diag (Yg4y1(s),K Ngan (s) (18)

where, diag(g) represents a diagonal matrix, and the diagonal

elements are in parentheses; the elements of B are real numbers
in terms of per-unit values, and the diagonal elements are
positive.

The stability of the multi-converter system can be analyzed by
using the determinant of the frequency domain admittance
matrix Ysys, that is, to solve the polynomial about s represented
by (19). If the real part of s obtained is all negative, then the
multi-converter system is stable with small disturbance, and
vice-versa, the system is unstable.

det(Y,,)=0 (19)
By further observing the structure of the system frequency

domain admittance matrix Yss in (15), and according to
det(Ba(s)) =0, the equivalent condition of (19) can be obtained:

det(Y,,)=0 = det(Yg4(s) +B(a(s)+a(s)’ ﬂ(s)z)) =0 (20)

The reduced-order admittance matrix of multi-converter system
Ysyso IS recorded as:

1

Yuo () = Ypa(8) + B(e(s) + ax(s) " B(s)') (21)
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In the following, the analytical expression of the eigenvalue
trajectory cluster of the multi-converter system will be deduced
according to the equivalence condition (20), combined with the
application of the numerical range and the Gershgorin Discs
theorem.

3. Eigenvalue-Free Small-Signal Stability
Criterion Of PLL-Based VSC

The stability of the multiple input multiple output (MIMO)
system is mainly analyzed through the Generalized Nyquist
Criterion (GNC), which is essential whether the Nyquist curve of
the eigenvalues of the frequency domain admittance matrix
Ysyso(S) encloses the (0, jO) point. In practice, the complex
numbers corresponding to different frequencies are substituted
into s to obtain all the eigenvalues of Ygyso(s), and then connected
frequency by frequency to form multiple interwoven Nyquist
curves. Although the physical meaning of the admittance method
itself is clear, the GNC relies on a point-by-point eigenvalue
decomposition of a high-dimensional matrix over a wide
frequency band and therefore is not available in analytic form,
which results in a stability criterion that is only indicative of the
stability of the system and lacks the necessary physical
interpretation.

Because of the above problems, this section first simplifies the
eigenvalue trajectory cluster of the reduced-order admittance
matrix Ysyso through the numerical range, and then uses the
Gershgorin Discs to cover the numerical range of the node
admittance matrix on the AC grid side to achieve a SISO transfer
function or the eigenvalue-free stability criterion. Finally, the
physical meaning of the eigenvalue-free small-signal stability
criterion of the multi-converter system is explained by using the
subordination relationship between the Gershgorin discs and the
numerical range.

3.1. Numerical Range Criterion

The numerical range is a widely used tool for matrix analysis, as
described in Definition 1.
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Definition 1 [24]: Define the complex number set x'Ax as the
numerical range F(A) of matrix A, and the norm of the vector x is
equal to 1, that is, |[x|=1. F(A) can be calculated by:

F(A) ={x'Ax|xet" x| =1 (22)

where £" is an n-dimensional complex vector field, and the
superscript * represents the conjugate operation.

The general properties of the numerical range defined by (22) are
introduced through Lemma 1.

Lemma 1: Assuming that A is a nxn complex square matrix,
the following three conditions are satisfied:

e If A  isany main submatrix of A, then F(A)cF(A) is
established;
e F(A) contains all of the eigenvalues of A;

e F(A) contains all of the diagonal entries of A.

The proof process of Lemma 1 can be found in [24]. The
purpose of introducing Lemma 1 in this paper is to explain that
the GNC of the system frequency domain admittance matrix is
all subordinate to the numerical range of the matrix. It is worth
noting that when the A is a normal matrix, the numerical range
F(A) of A is the convex hull of its eigenvalues [25], hence, the

following relationship exists:
Aec(A)=F(A) (23)

where, 1 is the eigenvalue of A, and o(A) is the whole of all
eigenvalues of A, which is called spectrum.

In this part, the numerical range criterion for the PLL oscillation
mode of the multi-converter system will be illustrated in the
form of conclusions. First, let 2(B) be the eigenvalue set of B.

Conclusion 1: For the small-signal stability analysis model
represented by the reduced-order admittance matrix Ysyso of the
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multi-converter system, the Nyquist curve of each device
Yy0i (8) A (B) [ (a(s) + () B(s)?) in the system does not

surround the (-1, jO) point can be a sufficient condition for the
small-signal stability of the system.

Then, the derivation process of Conclusion 1 is shown below.
According to the conditions in Lemma 1, the eigenvalue A(Ysyso)
of Ysyso Satisfy the following conditions:

AV ) {2 i (s)+g(a(s)+a(s)’1ﬂ(s)2)|Zy, =16 €[ Ann(B), A (B) ]} (24)

where, 7, is the weighting coefficient of the device admittance
element Ygq, which satisfies > y=1 and ,>0; > »Y,,.(s) isthe
numerical range of the converter admittance, which is also a
convex combination of  Yg(s) diagonal  elements;
s(a(s)+a(s)"A(s)) is the numerical range of the AC side

matrix  B(a(s)+a(s)" A(s)’), by using Lemma 1 and the

numerical range properties of normal matrix B, it can be
obtained that ¢e[4,,(B), 4., (B)], where imin(B) and Amax(B)

17 max

represent the minimum and maximum eigenvalues of B,
respectively.

It is worth mentioning that the smaller ¢ is, the worse the small-
signal stability of the system is [23]. To simplify the analysis
process, ¢ =4,.,(B) can be set to obtain a sufficient condition for
the system’s small-signal stability. In addition, it is necessary to
note that Y,,;(s)+ 4, (B)(a(s) +a(s)" B(s)*) is also the pole of the
convex combination > Y., (s)+ Ay, (B)(a(s)+a(s)*B(s)?), SO
the Nyquist curve of each converter
Yy0i (8) A (B) / (a(s) + () (s)?) in the system does not

surround the (-1, jO) point, which can be used as a sufficient
condition for assessing the small-signal stability of the multi-
converter system.

However, as the scale of the power grid becomes larger, the
order of the node admittance matrix B will become higher, and it
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will be more difficult to calculate the eigenvalues, which loses
the advantages of simplicity and convenience of the numerical
range method.

3.2. Eigenvalue-Free Small-Signal Stability Criterion

Gershgorin disk theorem is widely used in the estimation and
location of eigenvalues of matrices. In order to reduce the
computational burden caused by solving the eigenvalues of the
high-dimensional matrix, this section uses the Gershgorin disk
theorem to cover the numerical range of the system node
admittance matrix B. For a nxn square matrix, there are n row
disks and column disks, and their eigenvalues are located in
these discs. The specific definition is shown below:

Definition 2 [24]: Assuming that A is a nxn complex square
matrix, the closed discs can be expressed as:

G(i)(A):{|Z_aii < R;(A)} c£,Vi=2,..,n (25)

where, Ri'(A):Zj¢i|aij| is interpreted as the row sum, are called

the Gershgorin discs, £ is the complex plane, and
G(A)=U"_,G"(A) is the Gershgorin region.

The following lemma introduces the general properties of the
Gershgorin region defined by (25).

Lemma 2: Assuming that A is a nxn complex square matrix,
then the relation o(A) c G(A)nG(A") holds.

The proof process of Lemma 2 can be found in [24]. This lemma
states that any eigenvalue of A is in both row and column disks.
When A is a symmetric normal matrix, its eigenvalues are all
real numbers, and the inclusion relationship of the three ranges,
i.e., the numerical range, Gershgorin region and eigenvalue
range of A is1eo(A)=F(A)c G(A)nG(A"), as shown in Fig. 3.
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Figure 3: Relationship among the three ranges

The purpose of introducing the Gershgorin discs in this paper is
to illustrate that the numerical range of the system node
admittance matrix B is all subject to the Gershgorin region of B.
Based on this, the eigenvalue-free small-signal stability criterion
of the PLL-based VSC in multi-converter systems can be
constructed. First, let G(B) be the distance from the boundary of

Gershgorin region of Bto the origin. Then, the eigenvalue-free
small-signal stability criterion described by the following
conclusion can be obtained.

Conclusion 2: For the small-signal stability analysis model of
the multi-converter system represented by Ygso in (20), the
Nyquist curve of each device Y,,;(s)/ G, (B)(a(s)+a(s) ' A(s)?) in
the system does not surround the (-1, jO) point can be a sufficient
condition for the stability of the system.

Then, the derivation process of Conclusion 2 is shown below.
According to the Lemma 1 and Lemma 2, all eigenvalues of the
normal matrix B will lie in the Gershgorin region of B, hence,
the eigenvalue A(Ysyso) Of Ysyso satisfy the following conditions:

AYaa) < {2 1¥oas(5) +k((s) + a(s) * B(s)’ )| =Lk €[ Gryy (B).G,i (B)]} (26)

where, y, is the weighting coefficient of the device admittance
element  Ygi, which satisfies > =1 and 520,

k(a(s)+a(s)'A(s)) is the numerical range  of
B(a(s)+a(s)" A(s)’). According to the Gershgorin discs, it can
be obtained that ke[G, (B).G,,(B)], where G, (B) and
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G...(B) represent the closest distances of the minimum and

maximum Gershgorin region boundaries of B to the origin,
respectively.

Similar to the proof process of Conclusion 1, setting k=G, (B)

obtains a sufficient condition for the stability of the system with
small disturbance. Also, the Y, (s)+G, (B)(a(s)+a(s)*B(s)*) is

the pole of the convex combination
D Y041 (8)+ Gy (B) (a(s) + a(s) ' B(5)?) , so the Nyquist curve of

each convertery,,;(s)/G,,(B)(a(s)+a(s)*B(s)?) in the system

does not surround the (-1, jO) point can be used as a sufficient
condition to evaluate the small-signal stability of the multi-
converter system.

It is critical to emphasize that the introduction of the Gershgorin
discs theorem enables the proposed criterion to have the
following properties:

e |t is unnecessary to calculate the eigenvalues of the system
frequency domain admittance matrix when analyzing the small-
signal stability of the heterogeneous multi-converter systems;

e Decentralized computing can be achieved without global
information due to that the Gershgorin discs of B can be
calculated using local information of buses.
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Figure 4: Multi-converter system.

To illustrate the decentralized computing process of the
criterion, the node admittance matrix B of an equivalent
simplified model of the multi-converter system shown in Fig. 4
is obtained as follows:

11,1 1 1 |
w"gl oL, ol, ol, ol
B 1 1 1 1 1 27)
ol,, oly, ol, ol, ol
1 1 1 1 1
- - + +
L ol b, ng3 ol,; ol i

where, Lg; is the equivalent inductance between bus i and the AC
grid, and L is the connection inductance between bus i and bus j.
Take the calculation of the Gershgorin discs of a certain row or
column in B as an example, only inductances of lines connected
to the bus corresponding to the diagonal element of matrix B are
used, as shown in (28).
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To sum up, the criterion proposed in this paper only uses the
local information of the multi-converter system, that is, Ygi(s)
representing the dynamics of the converter phase loop and the
row or column of the node admittance matrix B. In practical
engineering applications, it is easy to obtain B. Therefore, the
proposed criterion solves the problem of poor observability of
GNC of high-dimensional matrices and provides the possibility
of decentralized implementation.

3.3. The Significance of the Eigenvalue-Free Small-
Signal Stability Criterion

First, it can be seen that in (26) that the admittance of the VSCs
in the numerical range can be expressed as a convex combination
of the admittance Ygs,i(s) of multiple PLL-based converters. This
convex combination form of converters mathematically explains
why the stability of the heterogeneous multi-converter system
can be expressed as the result of a compromise between the
stability of the single-converter systems of multiple
heterogeneous converters [23]. In addition, the eigenvalue
trajectory clusters of the multi-converter system are contained in
the numerical range and reduced to a SISO transfer function with
variable coefficients, therefore, when analyzing the small-signal
stability of the heterogeneous multi-converter system, the
proposed criterion can significantly reduce the computation of
high-dimensional matrices. Finally, the eigenvalue-free small-
signal stability criterion uses Gershgorin discs to converter the
numerical range to perform a sufficient condition for the small-
signal stability of the multi-converter system. Although it is
conservative to a certain extent, it has obvious significance in the
actual engineering application of the heterogeneous multi-
converter systems.
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4. Case Analysis

To verify the effectiveness of the proposed criterion, a small-
signal analysis model of the double-converter system is carried
out in Matlab/Simulink for case studies. Two-level voltage
source converter (VSC) based on PLL synchronization is used as
a source-side renewable energy type, which is mainly used in
Type 4 Wind Turbine Generators, Photovoltaic Power
Generators, and Voltage Source Converter based High Voltage
Direct Current Transmission (VSC-HVDC). The topology and
parameters of the simulation system are shown in Fig. 5 and
Table 2, respectively.

S VI l}g Lp V] —
VSC, —> ° VSC,
Ly L, Ly L |
L ﬂ» 1l gl 22 2 ‘Eﬁ»
— 1 — T
I| Ig[ [{:'3 I'_!
E
AC grid

Figure 5: Schematic diagram of double-converter system.

Table 2: Parameters of double-converter system.

Symbols Descriptions Values

S, Un Rated capacity and voltage of the AC 1500kVA, 690V
system

S Rated capacity of power electronic device 1500kVA

Ve Rated voltage on the DC side 1100V

Cac Capacitance on the DC side 0.038p.u.

L+ Inductance of the filter 0.05p.u.

Rline Resistance of the AC grid 0.05p.u.

Lg Inductance of the AC grid 0.2pu

L1z Mutual inductance of the AC grid 0.1pu

PlpLLi(s) PLL transfer function of VSCy 26+7800/s

PlpLi2(s) PLL transfer function of VSC2 36+3600/s
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4.1. Validity Analysis of Eigenvalue-Free Small-Signal
Stability Criterion

In this section, by comparing the influence of different stability
criteria on system stability analysis under different power grid
strengths, the effectiveness of the eigenvalue-free small-signal
stability criterion is illustrated. According to Table 1, the system
parameters of the two converters are set, and the grid-side node
admittance matrix based on the p.u. value parameters is as
follows:

15 -10
o) ) o (29)

where, k. is parameter to adjust the grid strength of the system.

Assuming ks=1, at this time, the gSCR or the minimum
eigenvalue of B of the system is set at approximately 5.
According to engineering experience, under the condition of this
gSCR, the system is stable with a small disturbance. The Nyquist
curves of the eigenvalue-free small-signal stability criterion in
the grid-connected system of the two converters are plotted
according to Conclusion 2, as shown in Fig. 6. As can be seen,
the Nyquist curves of eigenvalue-free small-signal stability
criterion Y, (s)/ G, (B)(a(s)+a(s) B(s)?) (i=1,2) corresponding
to the heterogeneous converters VSC; and VSC; do not enclose
the (-1,0) point, indicating that the system is stable. To verify the
validity of the above results, the generalized Nyquist curves of
the full-order frequency-domain admittance matrix of the
double-converter system with Yq: in (16) are plotted in Fig. 7. It
can be seen from Fig. 7 that the four generalized Nyquist curves
also do not enclose the (-1,0) point, indicating that the system is
stable. The above results demonstrate the effectiveness of the
method proposed in this paper.
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Figure 6: Eigenvalue-free small-signal stability criterion of double-converter
system (gSCR=5).
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Figure 7: Generalized Nyquist curves of double-converter system (gSCR=5).

4.2. Conservativeness Analysis of Eigenvalue-Free
Small-Signal Stability Criterion

Letk, =0.28, at this time, the gSCR of the system is set at 1.4,

and the eigenvalue-free small-signal stability criterion and GNC
are shown in Fig. 8 and Fig. 9, respectively. In this case, the
eigenvalue-free small-signal stability criterion in Fig. 8 encloses
the (-1, jO) point, and the system is unstable; However, all
trajectories in Fig. 9 do not enclose the (-1, jO) point, the system
is in a stable state. The results shown below illustrate that the
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eigenvalue-free small-signal stability criterion proposed in this
paper is somewhat conservativeness compared with the GNC.
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Figure 8: Generalized Nyquist curves of double-converter system under weak
grid strength.
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Figure 9: Generalized Nyquist curves for the double-converter system under
weak grid strength.

4.3. The Influence of Different Weight Ratios on the
Conservativeness of the Eigenvalue-Free Small-Signal
Stability Criterion

Considering that the criterion proposed in this paper has a certain
degree of conservativeness, in this section, a heuristic
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exploration of the future development direction of this criterion
is conducted through traversal to explore whether the device
weighting method can reduce the conservation of the criterion
proposed in this paper.

The following device weighting process is performed on the
double-converter system in the modelling part.

Yo5 =MYgaq +NYgqpm+n=16=12L (30)

where, m and n are the weighting coefficients of VSC; and VSC;
respectively, Y, , is the weighted converter.

W,8

L6 ;
i
Z 096 I
g ==Y = 0.0% Y + 0.9% Y5
= Ya=0.3% ¥y + 0.7% ¥z
20321 V5= 0.5% Y1+ 0.5% Vo
< Yips= 0.8*Ype + 02%Y 4,
2
S -0.32F
£
Ey
E 096
gSCR=1.4 _
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Figure 10: Proposed criterion of weighted converter system under weak grid
strength.

Figure. 10 shows the influence of different weight ratios on the
conservativeness of eigenvalue-free small-signal stability
criterion under weak grid strength (gSCR=1.4). The above
results show that the Nyquist curves of the criterion proposed in
this paper under different weight ratios are within the range of
the two curves of VSC; and VSC,;, and the conservativeness of
the criterion can be reduced with the change of the weighting
coefficient. This is because the eigenvalue-free small-signal
stability criterion is a sufficient condition, which is a criterion
obtained by drawing the Nyquist curves corresponding to the
admittances of each converter one by one based on the minimum
eigenvalue of the node admittance matrix B.
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4.4. Comparison and Analysis of Eigenvalue
Calculation Results and Eigenvalue-Free Small-Signal
Stability Criterion

Although Section 4.1 has demonstrated the effectiveness of
Conclusion 2 through comparative analysis with the GNC, there
is still a lack of more precise explanations for the adequacy of
the eigenvalue-free small-signal stability criterion. In the
following, the dominant eigenvalues of the system are
supplemented according to the node admittance matrix in (29),
and then the equation about the Laplacian operator s in (19) is
calculated to obtain the distribution of system eigenvalues, as
shown in Fig. 11.
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Figurell: Distribution of eigenvalues of double-converter system.

Specifically, by changing the node admittance matrix B and
decreasing the parameter kg from 0.8 to 0.2 in 0.01 per step, the
power grid strength can be continuously declined. It can be seen
that as the power grid strength decreases, the determinant zero
point of the frequency-domain admittance matrix of the double-
converter system gradually moves to the right half plane, and the
stability of the system with small disturbance becomes worse.
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It can be seen from Fig. 12 that the dominant eigenvalue of the
system moves to the right half plane, varying from -10.84+89.8i
to 13.89+68.52i, and the system changes from stable to unstable.
Among them, when kg is about 0.32, the dominant eigenvalue
(0.12+86.2i) of the system is closest to the imaginary axis, which
corresponds to the critical stability condition of the system.
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Figure 12: Variation trajectory of dominant eigenvalues of double-converter
system.

Figure. 8 and Fig. 9 respectively depict the curves of the
eigenvalue-free small-signal stability criterion and the GNC
under weak grid strength. The eigenvalue-free small-signal
stability criterion judges that the system is unstable, while the
GNC judges that the system is stable. It is proved that the
eigenvalue-free small-signal stability criterion in Conclusion 2 is
a sufficient condition.

4.5. Double-converter System Time-Domain Simulation
Verification

According to the double-converter topology shown in Fig. 5, the
average model and detailed switching model are established
respectively. The time-domain simulation analysis of the average
value model is as follows, and the simulation results of the
detailed switch model are shown in Appendix C.
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If kg=0.32, the system is critically unstable, and the output active
and reactive power of the double-converter system is shown in
Fig. 13. The results show that a subsynchronous oscillation of
about 14.5 Hz occurs, which, together with the results in Fig. 8
and Fig. 9, shows that the eigenvalue-free small-signal stability
criterion proposed in this paper can accurately identify the risk of
system instability.

9.5 10 105 1
Time (s)

Figure 13: Time-domain simulation results of the double-converter system.

4.6. IEEE 39-Bus Test System Time-Domain Simulation
Verification

To further verify the effectiveness of the proposed criterion, the
topology of the IEEE 39-bus test system shown in Fig. 14 is
adopted, and the synchronous generators in the original system
are replaced with converters. Specifically, only the infinite bus
with equivalent value through the external grid in the original
system is retained, and the remaining synchronous generators are
replaced with VSCs with a capacity of 1.0 p.u. The control
parameters are shown in Table 3.

Table 3: Parameters of the IEEE 39-bus test system.

Symbols | Descriptions Values

Plai(s) PLL transfer function of VSC;, 26+7800/s
VSC; and VSCq

Plx(s) PLL transfer function of VSCsand | 36+7800/s
VSC4

Pls(s) PLL transfer function of VSCs and | 26+3800/s
VSCs

Pl4(s) PLL transfer function of VSC;and | 36+3800/s
VSCs
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Figure 14: The IEEE 39-bus system.

Proportionally increasing the line parameters yields that the
strength or gSCR of the IEEE 39-bus system is reduced to 1.43,
resulting in the system time domain simulation curve shown in
Fig. 14. It can be seen that the damping is very small, and the
system is in a critical stable state.
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Figurel5: Time-domain simulation results of the IEEE 39-bus system test
system.
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Figurel6: Eigenvalue-free small-signal stability criterion of the IEEE 39-bus
system test system (gSCR=1.43).

It can be seen from the results in Fig. 16 that when the gSCR of
the system is 1.43, the criterion proposed in this paper is
unstable. The time-domain simulation result in Fig. 15 shows
that the system is close to critical stability under this gSCR, thus
proving the criterion proposed in this paper is a sufficient
condition for small-signal synchronization stability with
applications to PLL-dominated oscillation mode analysis.

Furthermore, the proposed method is only related to device
dynamics and system node admittance matrices B, eliminating
the need for calculating eigenvalues of the admittance matrix Ysys
at each frequency point, a requirement in methods like the GNC.
This key distinction significantly reduces the computational
burden associated with solving high-dimensional matrices during
large network analysis.

Additionally, Fig. 16 illustrates that converters operating under
identical control parameters exhibit identical curves. This
observation suggests that, when the minimum eigenvalue of the
node admittance matrix B is consistent, converters with the same
control parameters located at different locations within the
system exhibit equivalent stability. However, it's noteworthy that
the method proposed in this paper has a limitation—it does not
account for the influence of device location on overall system
stability.
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In summary, while the proposed method simplifies calculations
by focusing on device dynamics and system node admittance
matrices, it may not capture stability changes due to differences
in device positions within the system.

5. Conclusion

Due to the large number and variety of converter controls, the
GNC based on the eigenvalue trajectory is difficult to apply to
the stability analysis of high-dimensional systems. To handle the
problems of the heavy computational burden, poor observability
and unclear physical meaning of the GNC for frequency domain
admittance matrix of heterogeneous multi-converter systems, an
eigenvalue-free  small-signal stability criterion has been
proposed. The analytical equation of the device weighting in the
proposed criterion has revealed the stability mechanism of the
multi-converter system as a compromise of the stability of each
single-converter system. Moreover, the system frequency
domain admittance matrix has been reduced to a SISO transfer
function by using the numerical range and Gershgorin discs,
which has resolved the problem of the large computational
burden of high dimensional matrix eigenvalue solving. Finally,
the criterion proposed in this paper is a sufficient condition for
small-signal stability, but it is less conservative. In the future, the
conservative property of the stability criterion can be reduced by
reasonably setting the device weighting weight ratio under weak
grids.
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Appendix A

There are two frames in the converter grid-connected system: the
dg control frame based on the PLL and the global xy frame.
Among them, the dq frame rotates at the angular frequency w
measured by the PLL, and the xy frame rotates at the
synchronous speed w,. The relationship between the two is
shown in Fig. A. Similar to the derivation of the small-signal
model of multi-synchronous machines in power systems, the
dynamics of the converter in the dq control frame are first
deduced, then transformed into global xy frame, and finally its
admittance model is established in polar coordinates.

q Ay

: . ‘\ 1)

d

(7] a i1 - W N
x

Figure A: Relationship between dq frame and xy frame.

By linearizing (3)-(5), the dynamic small-signal model of the
filter inductor, PLL and converter inner loop in the dg frame can
be obtained as:

Filter inductor dynamics:

[*
AV = AV, =LAl — LAl — Ll Ao
AVg — AV, =sL Al + o)L Al + Ll Aw
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PLL dynamics:

SAGp, =Plyy (S)Avq
Aw =3sA0,

Current inner loop dynamics:

o ref
AV, = (Al "= Aly)Plec (5) — oy LAl + i ()AV
AV, = (AL = Al )Pl (8) — apL Al + £ (5)AV,

where, Plp(s) is the PLL transfer function of VSC,
Plcc(s)=KccptKee/s is the current inner loop PI controller
transfer function, fvr(s)=Kve/(Tvrs+1) is a voltage feedforward
low-pass filter.

Substituting (A2) into (Al) and (A3), the relationship between
current and voltage in dg frame can be obtained by:

1- 1 (s) AV, + L Plo (8)1g AV, + Plec(s) Al
sk + Pl () sk + Pl () sk + Pl ()

Al = 1-1,:(5) AV _LfPIPLL(S)IdOAV n Plec(s) Al
sk +Pl(s) ' sLy+Pl(s) " sL;+Pl(s) *

Al =—

By linearizing the outer loop dynamic equations (6)-(11), the
dynamic small signal model of converter outer loop in the dq
frame can be obtained as:

Reactive power outer loop:
AL =Pl () foo (5)AQ,

Constant active power control:

ALFT=-P1,.(5) o (S)AP,

Constant DC voltage control:
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SVchCdc AVdc = _APe

Power equation:

e P i
AQ, | Vo [[ Al || =1 g0 || AV,
Substituting (A5)-(A8) into (A4), the admittance characteristics

of the converter port in dq frame is shown below (Suppose the
current flowing into the converter is in the positive direction):

Gy (8) +G,(8)Gec (9 ’P'%L(S)(LGI(S>>'qo+GApc<s)G.(s)lqo
[Ald} Gy(S)Gne (Vg +1 G,(5)Grpc (5)V,p +1 {AVG}(AQ)
B O (S YO/ I MO IO
| G5 (8o +1 G, (8)Grrc (Voo +1
[Yes () Yaq (S) || AVy
AAC) m(sJ[AVJ

where, the subscript ‘0’ of the physical quantity indicates the
steady-state value of the physical quantity: V,,=1.0p.u.

I,, =1.0p.u., etc.; the transfer function Gy is given as below:

GRPC (S) =PI QC (5) fPQ (S)

va (S) = (1_ fVF (5))/(5|—r + Plcc (S))

GI(S) = Plcc(s)/(SLf + Plcc(s))

G ()= {PI oc(8) 1 8V,,,.C,., Constant DC voltage outer loop

APC Ploc(S) foo(s), Constant active power outer loop

According to Fig. A, the conversion relationship between voltage
and current between the dgq frame and the xy frame can be
obtained:

Vo | [ C0sGp —sinGy, || Vi
V,| |sinG,, cosby, ||V,

Id _ COS@PLL _Sinepu_ Ix
I, | [sin@,. cosé,, ||,
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Linearize (A10) and combine with (A2), the conversion
relationship between voltage and current between the dq frame
and the xy frame can be rewritten as:

AV, T1 AV,
{AVJ :{ l—GPLL(s)}LVy}
Al TALT [0 Goy ()1 AV,
{Alq:|:|:Aly:|+|:O _GPLL(S)IdJ|:AVy:|

where, G, (s) = Plo (8) /+ PIPLL(S)VdO)_
S s

Then, substitute (A11) into (A9) to obtain the admittance matrix
of the converter in global xy frame:

Gye(S) + Gi(8)Gpc (S) o (Gpu(8) + Gppc ()G, (8) I (A12)
Al | G, (S)Gppc(s) +1 G, (5)Ggpc(s) +1 AV,
AIY GI(S)GRPC(S)IQO (176PLL(S))GVF(S)7(GPLL(S)+GRPC(S))G\(S)IdO Avy
4 B D 40000024090k 00020443

Yo ()

According to Fig. A, it can be seen that the conversion
relationship between the rectangular coordinates and the polar
coordinates of voltage/current in the xy frame is:
V, =V cosé,l, =1cos
=V = (A13)
Vy:VsmH,I =Ising

Finally, linearize (A13) and combine with (Al12), the dynamic
equation of the converter in the polar coordinates can be
obtained:

AT AV
RECECHC I (A12)

cosd -sind

where, T(5)=| .
sind coso

},é‘zgooré:@.
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If the xy frame is chosen so that the steady-state voltage V
coincides with the x-axis, then ,, =0=0. Therefore, under unit

power factor, the admittance matrix Yvsc(s) of the converter in
polar coordinates is shown below:

Al } LYQI M AV }
= (A15)
|:|A(0 42 ng VAO
Yusc ()

Ygl(s) = GVF (S) + Gl(S)GAPc (5) |d0

Where, Gy (8)Gppc (S)Vyp +1 .
Y. (s) = Gy (S)A—VoGpi (5))  (Croc(8) +Gp (8))G (5) 14
* G, (8)Grec (S)Vyp +1 Gy (8)Grec (S)Vyo +1
Appendix B

The return deference matrix of homogeneous multi-converter
system in [22] is shown below.

Ysys = and (S) +Yg (S) (Bl)
where
a(s)  p(s)
Y . (s)=B® B2
=82 % 11 (82)

Y, =1 @{Y‘”(S) YM(SJ (B3)

When rearrange the matrix elements, the return deference matrix
of heterogeneous multi-converter system is obtained as follows.

) Y, Ba(s) Bp(s)
det(Y,,) = det[{ ng * {—Bﬂ(s) Ba(S)D o

According to Fig. 2, except for the phase loop element Y2 (S)
represented in the lower right corner, the amplitudes of the other
three elements in the sub/supersynchronous oscillation frequency
band (10Hz~100Hz) are less than 0 dB, so these three elements
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can be ignored (i.e. Yq can be ignored). Hence, the system
frequency domain admittance matrix Ysys of the multi-converter
system can be obtained by:

~BA(s) Y, +Ba(s)

Y,+Ba(s)  BA(s) Ba(s) BA(s)
LSt v e @

Appendix C

A detailed switch model of a double-converter system containing
switches and three-phase circuits is built through
Matlab/Simulink. The parameters of the double-converter system
are shown in Table 2. The three-phase terminal voltages of VSC;
and VSC; are demonstrated in Fig. B and Fig. C, respectively.

250
Usa
— (“iﬁ’
Uj.
150 F :
- IX\ /x\ % W W fx\
= / K l
B
[.F]
[=1]
&
= 050 X/ \K/ &
S v L
-1.50
_2 50 1 1 1 1 1 1 1 L L J
’ 1.8 1.82 1.84 1.86 1.88 1.9 1.92 1.94 1.96 1.98 2

Time (s)
Figure B: Three-phase terminal voltage of VSCi.
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Voltage (p.u.)

-0.50

-1.50

1.88

1.9
Time (s)

192 194 196 198 2

Figure C: Three-phase terminal voltage of VSC..
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